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:Bernouillis differentialligning

_Bernouillis differentialligning lyder:

y'=g(x) 'yOC —f(x)y

| hvorav # 1

Generel lagsning

> restart

> dsolve(y'zg(x) Y% —f(x) 'J/)

[0
—1
y(x) = c ” 1 ‘
‘ }jf(x) dx i ljf(x) e oa—1 (\}f(x) dx) o
e 8 g 89 gl 4 ¢ e @71
e(‘{ﬂX) dx) o e(“f(X) dx) o

Eksempel fra Wikipedia

:httn://en.wi kipedia.org/wiki/Bernoulli_differential_equation
_> restart

> dsolve(y'— %CZ =—x2-y2);

;Antag at Cler5:
> subs(_CIl1=1,rhs((2.1)));

| ©+5
> fi=x—2.2):f(x)
5

| x5+5

5 5
Losningen er ikke definereti-+/ 5, sd definitionsmangden er enten ]— ;-4 5 [ eller

NB: Definitionsmangden er det storste sammenhzengende interval.

=> plot(f(x),x=-5.5,y=-10.10);

(1.1)

@.1)

2.2)

2.3)

BVERY
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10

_10_

_Maple forbinder de 2 dele af grafen, som ikke burde forbindes.
| Skal vi kun bruge den hgjredel, s kan man definere funktionen séledes:

> f2 = piecewise(x >-i/?,f(x))

5x° 1/5
gl s 0 @4
=1 x +5 .
0 otherwise

=> plot( f2(x),x=-5..5,y=-10..10);
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10

- 10 -
;Og man kan ngjes med at tegne den del:

> plot(fZ(x),xZ —i/?..S,yZ— 10..10);
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10 7

_10_

Y Eksempel fran212 side 3 eksempel 1 og gvelse 3

> restart

> dsolve(y'=y +y3)

y(x) = Y =- 3.0
i J-1+e?* _cl J-1+e?_cl
> rhs(%[1])
|
(3.2)
i J-1+e?* ci
> Cl:=2
i =2 (3.3)
> yi=x—3.2):y(x)
! (3.4)
J-1+42e™%

> solve(-1+2 e_zx, x)
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1
E 1I1(2)

> plot(y(x),xZ—S..%-ln(2),y=0..10)

10

Eksempel fran212 side 4 eksempel 2 og avelse 4

> restart

> dsolve( {y'=3~y0'5 —0.5.y,y(0)=4})
1

- X

1
- - X
y(x)=36—48¢ * +16 (e 4 )

> dsolve({y'=3-\/?—%-y,y(0) 24})

1 2

ol
i y(x) =36 —48¢ + 16 \e
> rhs(%)

1 2

1
- X - X
36 —48¢ * +16 (e 4 )

Steen Toft Jergensen

(3.5)

@.1)

4.2)

4.3)
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> yi=x—(4.3)
1

- X

i y=x—36—48¢ * +16 (e_%x) (4.4)
> plot(y)
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(> plot(y(x), x=-10..10,=0..100)




Bernouillis differentialligning Side 7/17 Steen Toft Jergensen

100
80 -
60 -
y
40
20
I T y / T 1
-10 -5 0 5 10
X
[ > xlimooy(x)
i 36 4.5)
> plot(y(x),x=-10..100, »=0..100)
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20

Eksempel fran212 side 5 eksempel 3

> restart

> dsolve( (1 —xz) -y'-x-yZX‘yz);
1

-1+Vx—1Jx+1 CI

yix) =

For at fa det, skal C1I vare et komplekst tal!

> subs(_C1=y-1,(5.1))

(x) =

1
i -1+I1yx—1+Jx+1

> dsolve({(l —xz)-y'—x-y=x'y2,y(0) :k}); .

y(x)=-

k+Iyx—1Vx+1 k+IJx—1JVx+1

1 (3.1) ma vi lave omskrivning 1 hdnden!

1
100

(5.1)

(5.2)

(5.3)
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Lad Cl=c/ -1

Ne@vneren =

A4V —TVxFlev-T=1l+cyx—1D -aF+D-(-1) =1+cy (F—=1)-(-1) =
-1 -I—c-\/l—x2 =c-\/1—x2 —1

1

c+ 1 —x =1

Losningen er altsé: y(x) =

[ Derimod angiver n212 (side 6, ovelse 6) denne losning, som er defineret i intervallet -1<x<1.
| Antag, atc = 1, sd man kan tegne losningen:

1

>y::_x—> ;
B RV

yi=x (5.4)

1
N
-1+ 1 —°

=> plot(y(x),x=-1..1,y=-100..0);
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> SOZV@(C'\/ 1—x —1 =O,x>

\/02—1
c

[ Prove for at se, om det faktisk ER en lesning:

b

> y(x)

_\/02—1
c

i -14+v 1 —x
| Venstre side:
2

> VS = (1—x")y'(x) —xy(x);

VS = : L—x x -

Bemerk, at definitionsmangden ENTEN er ]-1; O[ eller ]0; 1[ i dette eksempel.

X
] (1+fT-2) s
[ > simplifi( %)
X

i (14417
;Hﬂjre side:
> HS=xy(x)%

HS = X
] (-1+V1-4)
(> is(VS=HS)
| true
_Det stemmer!
Eksempel fran212 side 6 avelse 8
|:> restart

3
YDy'=y—vy
> dsolve(y'=y —y3)
yix) = : () = :
14+e2* CI 14+e2* CI

Steen Toft Jergensen

Hvis c antager en anden verdi, sa vil opdelingenspunktet for definitionsmangden vaere et andet:

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(6.1.1)
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> dsolve(y'= ixl +x~\/?)

) — ( In(x) + _cz) #=0 (6.2.1)

> solve((6.2.1), y(x))

% YIn(x)? +x n(x) CI+xt CP (6.2.2)

2
Eller med handkraft: y(x) = ( (% In(x) +_CJ) xz)

Y3y +y=xy

> dsolve(y'+y =x-y3)
2 2

y(x)=- ,y(x) = (6.3.1)
3 J2+4x+4F cI J2+4x+4e CI
2-x 3
~ y
> dsolve({y'+ Ey_x = ?,y(l) =2})
1
y(x) = —”jls (6.4.1)
3
2
Y9xy'+y=(xy)
3
> dsozve({x-y'w: (x) 2, p(1) =4})
o =% 65.1)
| X
2
3 3 3
YO)y'-—-y==-y
X X
[ 2
> a’solve[y'——3 Y= 3 -y3 ]
X X
i y) P +1—x CI=0 (6.6.1)
> solve((6.6.1), y(x))
i -143x CI—3x CIP+x crP® (6.6.2)
Eller med handkraft:
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y(x)=(x- Cl+ 1)3

;Qnskes losning gennem (1,2) far man:

2
> dsolve[(y'——i-yZ%-y3,y(l) :2]

2/3

2
\/(x+22/3+21/3+1) (442023 +2x+3)22 P+ +5+2x)

3
(22/3 +21/3 + 1)

y(x) = (6.6.3)

> evalf (%)
y(x) =0.01755999378 \/ (x + 3.847322102)2 (14.80188736 + 7.694644204 x —l—xz) (6.6.4)

Y n212 side 7, gvelse 9: Bertalanffysligning (fiskerimodel)

w'(t)=h-(w(t)) —k-w(?)

2

NB: Bemerk fejlen 1 noten. Der star (w(h) ) 3 , det skal vaere (w(t))

w |

=Bevis med handkraft:

Bertalanffys ligning er af typen Bernouilli-ligning: y'=g(x) -y* — f(x) -y , hvor a.= %

I beviset overst side 3 omformes differentialligningen til:
Z=-(1—0a)f(x)z+ (1 —a) -g(x)

. 1 —
hvorz er en ny variabel: z=y ~ ¢

Her far man: z=y =y 3

Z=-(1—a)f(x)z+ (1 —a)-gx) ©Z'=—(l—%)-k~z+ (1—%)-/1 ©z'=%-k-z

ek h
3 3 3
Denne differentialligning er linezr af typeny' =5 - a-y, som har lgsningeny = % +c-e "
k h
Dvs.a=-—ogb=-—
VS.a === 0g 3
k h % (%)" h 3
z'=?-z—?harsé’llgsningenz=_—£ +ce ©z=; +ce
3

1

3
33 1 1Y . 3
Daz=y ~ <y =—©y=(—) fdr man lesningen: y=| — +c-e
z z

jBeVis med Maple:
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_> restart
Antagh > 0oghk >0
j> assume(h > 0, k > 0); interface(showassumed =0) :
[ 2
> dsolve(w'(t) =h-(w(1)) > —k-w(t))
1
- kt
w(t)m—% —e ®  CI=0 (7.1)
(> w(t) =solve(lhs((7.1)), w(t))
3
e )
(t) = h+e . Clk 72)
k
- .t
Eller w(¢t) = (% + Cle ]
Med betingelse w(0) =0 fas:
i 2
> dsolve({w'(t) =h-(w(1))’ —k-w(t),w(0)=0});
_ w(t) =0 (7.3)
UPS! Nullesningen er ikke brugbar 1 praksis! S& den kan Maple ikke lose.
Sa vi regner videre med resultatet fra (7.2):
(> subs(t=0, rhs((7.2)));
3
h+e Clk
( 3 ) (7.4)
i k
> simplify( %)
h+ Clk)’
thx C10 (1.5)
i k
> solve((7.5)=0, Cl);
h h h
i k ’ k ) k (7'6)
h
> subs(_C] =- E rhs((7.2)) );
(e 3)
- =kt
h—e > h)
3 (7.7)
i k
> tli_moo(7.7)
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3
Z—3 (7.8)
>
[ 1 3 1 3
[ _n ‘?’”] (a3
Ellerw(t)—(k i e _(k) 1-e
3
Gransevardien for 1— % er (;) .
¥ n212, side 7, gvelse 10 (grafer)
_ L
Antag: (;) =5
Tegn grafen for w(¢) fort=0.4,t=0.80gt=1.2
j> restart
i 3
(5]
> wi=t—>5-\1-¢
1 A\3
(=7
w=t—>5\1—e (7.1.1)

> plot({subs(k=0.4, w(t)), subs(k=0.8, w(t)), subs(k=1.2,w(t))},t=0.50, labels
= [t, w], color = [red, green, blue])
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_Far fiskeriet starter har vi:
N(t) =No-e ™!

5 —
4 -
3 -
w
2 -
1 -
0 I I I 1
0 10 20 30 50
t
¥ n212, side 7, avelse 11
|:> restart
> dsolve(N'(t) =-a-N(t))
i N(t)= Cle ™ (7.2.1)
V¥ n212, side 7, gvelse 12+13+14+15
:> restart
;Fra gvelse 9 har vi:
1 3
(Y e
i (2] )
; -kt
W=t (l_e ) (13.1)
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NO-e M=o~ MTN e o k= Np.

Efter firskeriet er startet har vi:
N(t) =k-e MHI

Begge udtryk skal give det samme, nér fiskeriet starter ved tiden fc:

- k:NO‘e—M-tc-f-(M—f-f)wc - kzNo_ef-tc

-M-tc
e—(M-{—ﬂ-tc

> N = (NS e M

> B(t)

N=t—Noe e M1
> B:=t—>N(t) w(t)
B:=t—>N(t) w(t)
3
—k
NOeffce‘<M‘-f”h3(1—e ’ t)
k3
T
> Y:=f-J B(1) dt
tc
Y = (/h3 eftcNO (_27 e—Mtc+fth2f+ 18 e—Mtc-i—fth2k+27 e—Mtc+fthf2
+11e—Mtc+fthk2+lge—Mtc—f—ftcka_lle—Mtc-i-ftcka
—Mtc+ftc—lktc ) —Mtc-i—ftc—%ktc ) —Mtc-i—ftc—%ktc )
+8le M f—45e M k—8le My
—Mtc—!—ftc—lktc ) —Mtc—i—ftc—%ktc ) —Mtc—!—ftc—%ktc )
—18e Mk —45¢e fk+18e fk
—Mtc—l—ftc—%ktc 5 —Mtc-i—ftc—%klc ) —Mtc-i—ftc—%klc )
—8le M f+36e M k+38le Mf
—Mtc—f—ftc—%ktc 5 —Mtc—l—ftc—%ktc 5 —Mtc—f—ftc—%ktc 5
+9e Mk +36e fk—9e fk

+27 e—Mtc + ftc —kthZf_ 9 e—Mtc +ftc —kthZ k—27 e—Mtc +ftc —kthfZ

2 e—Mtc+ftc—kthk2 -9 e—Mtc+ftc—ktcf2k+2 e—Mtc+ftc—ktcfk2

1
-Mtc + ftc — = ktc

+9e—Mtc+fth3_9e—Mtc+ftcf3+2e—Mtc+ftck3_27e 3 M3
—Mtc—!—ftc—%ktc 3 —Mtc—i—ftc—%ktc 3 —Mtc—l—ftc—%ktc 3
+27e f +27e M —27e I

_9e—Mtc+ftc—kth3 +9e—Mtc+ftc—klcf3 +36 e—TM-I—Tfok

1 2
~-TM+Tf— ~ kT ~TM+Tf— = kT
—90¢ S Mfk+T72e 3 Mfk—18e MR prepe

Yo7 TM+ Tszf_ 18 e TMATI 42 1 _ 57 o TM+ TfoZ e TMAT 2

(7.3.2)

(7.3.3)

(7.3.4)

(7.3.5)
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> f=1;tc:=2;T:=16; N0 :=

“TM+Tf— % kT
M f

“TM+Tf— % kT

—18e TMTT 2 g 4y 11 TMT T 2 g1 ¢

—TM+Tf—%kT 5 —TM+Tf—%kT 5
+45¢ M k+8le Mf=+18¢

—TM+Tf—ikT —TM-}-Tf—lkT

+45¢ S fk—18e fI*+8le

2 2
STM+Tf= 5 kT TMATf— 5 kT

M2

-TM+Tf— % KT
My
“TM+Tf— % KT

Mk

Mk—8le MfP—9e

2 2
-TM+Tf— = kT -TM+Tf— = kT
—36¢ S fk49e S —9e TMTT P
1 1
~-TM+Tf— — kT ~-TM+Tf— — kT
49 TMHLI B 9o TMATI IS 4 976 SOM —27e .

2 2
“TM+Tf— < kT ~“TM+Tf— = kT
—27e SOM 427 3 g TMATI kT )8

—36¢
f3

g M+ Tf—ka3 7 M+ Tf—kTM2f+9 o TMAT—KT 32

o7 TM+ Tf—kTMfZ L9 o TMAT=kT y 2 | g ~TM+ Tf—kaZk

1
-Mtc + ftc — = ktc
—p e TMHATI=k g2 _ 36 o Mt/ prek 490 e S Mfk

2
-Mtc + ftc — = ktc
—72e . Mfk+18e_M’C+ﬂC_k’CMfk))/(k3 (M—f) BM—3f

+k) BM—=3f+2k) (M—f+k))

T:=16
1000000 /°
h3
k=1.5
M:=0.1

NO =

1.988930490 10'? ¢

> evalf (%)

1.469631897 10"3

Fangsten er sa: 1.47- 10"

(7.3.6)

(7.3.7)

(7.3.8)



