Lineere differentialligninger Side 1/9 Steen Toft Jergensen

Linezre differentialligninger af 1. orden

I Steens noter har differentialligningen formen:
y'=g(x)-y +px)

I bog A har differentialligningen formen:
y' ta(x)-y=b(x)

| NB: linear 1y, ikke nadvendigvis 1 x.

Y Generel losning (kaldet "panserformlen')

Yy'=gx)y+px)
| > restart
> dsolve(y'=g(x)y+p(x))

y(x)=( p(x) o s ) x-l—_C]J o

- |g(x) dx g(x) dx
Dvs. lesningen er: y(x) = Up(x) e J dx + c) eJ , hvor ¢ € R er en arbitraer

konstant.

til g(x) , dvs. G(x) =jg(x) dx

Y y' +alx)-y=b(x)
| > restart
> dsolve(y'+a(x)-y=b(x))

y(x) =( b(x)e

a(x) dx -a(x)) dx

x + _C]) e
(x) dx - |a(x) dx
Dvs. lesningen er: y(x) = Ub(x) eJax dx +cJ e Jax , hvorc € [Rer en arbitreaer

konstant.

til a(x) , dvs. A(x) =Ja(x) dx

Losningen kan ogsa skrives: y(x) = ( J px) e ™ ax + c) e“™ hvor G(x) er en stamfunktion

Lesningen kan ogsa skrives: y(x) = ( J b(x) 1™ av + c) e 4™ , hvor A (x) er en stamfunktion
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=> restart

> DiffLign =

Y Eksempel 49 side 50 i bog A

Differentialligning: 62—];[ = (0.025 — 0.0004-¢)-N(t) ,hvorN(0) = 113-10°

4 N (t) =(0.025 —0.0004-1)-N(¢)

dt

DiffLign := % N () = (0.025 — 0.0004 1) N (¢)

> Betingelse :== N(0) =113-10°

Betingelse := N (0) =113000000

=> dsolve( { DiffLign, Betingelse}); evalf (%)

1
- ——(-125+1)
N () =113000000 ¢ %%

N (£) = 1.13000000 10° ¢ 0002000000000 (=125 + 1

> expand(-0.0002000000000 ¢ (-125. +¢))

0.02500000000 7 — 0.0002000000000 7*

Konklusion: N (1) = 1.13-10% "0~ 0.000200-#

(> subs(1=30, rhs((2.3)) ); evalf (%)

1.13000000 108 e0.5700000000
1.998141768 10°

Konklusion: N(30) = 2.00-10°

Lesning: y(x)

Y Eksempel 50 side 51 i bog A

Differentialligning: y' = —2-x2 v+ ! 5 samt betingelsen: y(1) =2
| l +x l +x
| > restart
e —2X 1

> DiffLign = y'= Syt 3

I +x l +x

- d 2xy(x) 1
DiffLign == — y(x) = - +
dx 14 1+

[ > Betingelse := y(1) =2

Betingelse :=y(1) =2

=> dsolve( { DiffLign, Betingelse})

1 +x

> plot(rhs((3.3)), x =-5..5, labels = [x, ¥])
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4 2 4
X
¥ Eksempel 51 side 52 i bog A
;Differentialligning: Y +2xy=x
| > restart
> DiffLign == y'+2-x-y=x
DiffLign := % y(x) +2xy(x)=x 4.1)
=> dsolve(DiffLign)
y(x) = % + e_)g _ClI 4.2)
- 1, e .
Leosning: y(x) = B 4+ c-e © , hvorc € Rer en arbitreer konstant.

¥ Eksempel 52 side 53 i bog A

[Differentialligning: y'=cos(x)-y
|:> restart
|_> DiffLign := y'=cos(x) -y
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DiffLign := % y(x) =cos(x) y(x) (5.1)

> dsolve(DiffLign) ‘
y(x)=_CI &MY (5.2)

sin(x

Fuldstzendige lesning: y(x) =c-e ) , hvor ¢ € R er en arbitrar konstant.

> Betingelse := y( Ej =7

2
Betingelse :=y( % TE) =7 (5.3)
> dsolve({DiffLign, Betingelse})
7 esin(x)
yox) =g (5.4)
_> simplify( %)
B y(x) =7 e—l + sin(x) (5.5)
Partikuleer lesning: y(x) ettt =1
> fi= x—>rhs((5.5)) : f(x)
7 e—l + sin(x) 5.6)

_> plot( f(x),x=-3-1.3w, labels = [x, y])
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-3 27 - 0 T 27w 3n

¥ Eksempel 53 side 53 i bog A

;Differentialligning: y'-2-y=2
| > restart
> DiffLign = y'-2-y=2
iy d
DiffLign .= . y(x) —2yp(x)=2 6.1

=> dsolve(DiffLign)
y(x)=-14¢* CI 6.2)

Fuldstaendige losning: y(x) =-1 + c-e * hvorc € Rer en arbitrer konstant.

¥ Eksempel 54 side 54 i bog A

I:Differentialligning: y' - % y=4 X forx > 0

|:> restart
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> expand( %)

100

80

60 1

40 1

20

_20,

> DiffLign = y'- % 'y=4-x2

e d _yx) 2
DiffLign : dxy(x) . 4 x

=> dsolve(DiffLign)

y(x) = (2x2+_C]) X

y(x) =2 +x ClI

Fuldstaendige losning: y(x) =2 X+ cox , forx > 0, hvor ¢ € R er en arbitrer konstant.

(> fi= xorhs((7.3)) f(x)

2% +x ClI

> seq(f(x), CI1=-20.20,4)

2x3—20x,2x3—16x,2x3—12)(,2x3—8x,2x3—4x,2x3,2x3+4x,2x3-i-8x,2x3
+12x2xX +16x2x +20x

(> plot([%], x=0..3, labels = [x, y])

w — ,'
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Y Eksempel 55 side 551 bog A

| Differentialligning: y' +y =2- ¢

| > restart
> DiffLign == y'(t) +y(t) =2-¢
i DiffLign :=D(y) (t) +y(1) =2 ¢ 8.1)
[ > dsolve(DiffLign)
y(t)=e' +e CI (8.2)

Fuldstaendige lesning: y(¢) =¢' + ¢-e ', hvorc € Rer en arbitrar konstant.

> Betingelse := y(0) =-6

i Betingelse:=y(0) = -6 8.3)
> dsolve( {DiffLign, Betingelse})

y(t)=¢ —7e”" 8.4

t

Partikulare losning: y(¢) =¢' — 7-¢"

(> = t—rhs((84)) : £ (1)

t

d—7e¢ (8.5)

(> plot(f(1), t=-2 .4, labels = [1, (1) ])
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40 1

ef—7e!

20 A

V¥ Eksempel fra emathdtu-video:

voutube.com/watch?v=gJS{PxcRkPw

Differentialligning: x'(#) + %-x(t) =8t — %, hvort > 0

=> restart

> DiffLign = x'(t) + %-x(t) =8-t— %
DifiLign = D(x) (1) + 2> =8t—1—t0 9.1)
> dsolve(DiffLign)
x(t)=27—5+-5L 9.2)
t
Fuldstendig lesning: x(7) =2-t2 —5+ ? , fort > 0, og hvor ¢ € R er en arbitrer konstant.

B Betingelse := x(1) =2

Betingelse :=x(1) =2 9.3)
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> dsolve( {DiffLign, Betingelse})
5

X(1) =27 =5+ 9.4)
t
Partikuleer losning: x(¢) —2-A—5+ % ,hvort >0
(> = t—rhs((9.4)) 1 f(1)
28 -5+ iz 9.5)

t
[> plot(f(1), t=0.4, f=0..50, labels = [t, £ (1) ])
50
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