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:Bernouillis differentialligning

_Bernouillis differentialligning lyder:

y'=g(x) 'yOC —f(x)y

| hvorav # 1

Generel lagsning

> restart

> dsolve(y'zg(x) Y% —f(x) 'J/)

[0
—1
y(x) = c ” 1 ‘
‘ }jf(x) dx i ljf(x) e oa—1 (\}f(x) dx) o
e 8 g 89 gl 4 ¢ e @71
e(‘{ﬂX) dx) o e(“f(X) dx) o

Eksempel fra Wikipedia

:httn://en.wi kipedia.org/wiki/Bernoulli_differential_equation
_> restart

> dsolve(y'— %CZ =—x2-y2);

;Antag at Clerl:
> subs(_CIl=1,rhs((2.1)));

| X 45
> f+= unapply(%, x) : f(x)
2
5x

| x5+5

5 5
Losningen er ikke definereti-+/ 5, sd definitionsmangden er enten ]— ;-4 5 [ eller

NB: Definitionsmangden er det storste sammenhzengende interval.

=> plot(f(x),x=-5.5,y=-10.10);

(1.1)

@.1)

2.2)

2.3)

BVERY
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10

_10,

[NB: Maple forbinder umiddelbart 2 grene, som ikke skal forbindes.

5
Funktionen er ikke kontinuereti -+/ 5.
At funktionen diskontinuert, forteeller man Maple med option"discont":

[ > plot(f(x),x=-5.5,y=-10..10, discont);
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10 1
y 59
-4 0 2 4
X
-5
_10,

[ Skal vi kun bruge den hejredel, sa kan man definere funktionen saledes.
| NB: Funktionen er 0 i gvrige omrade.

> f2 = piecewise(x >-i/?,f(x))

5x° 1/5
gl s 0 @4
=1 x +5 .
0 otherwise

[ > plot( f2(x),x=-5..5,y=-10..10, discont);
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10
y 5
-4 -2 0 2 4
X
-5
_10,

;Og man kan ngjes med at tegne den del:

> plot(fZ(x),xZ—S\/?..S,y:— 10..10);
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101
y 5]
-1 0] 1 2 3 4 5
X
_57
_10,

_> restart

L 5 X

> dsolve(y=y +y’)
y(x)

Y Eksempel fran212 side 3 eksempel 1 og eavelse 3

> solve(-1+2 e 2=

>y = unapply(rhs(%[11), x)

1 1
,y(x) =~
J-1+e?* ci J-1+e? ci
1
yi=x—
J-1+e?* ci
=2
1

O,x);evalf(%)

Steen Toft Jergensen

3.1)

(3.2)

(3.3)

(3.4)
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% In(2)
i 0.3465735903 3.5)
> solve(-1+2 e 2 > 0,x)
RealRange( - oo, Open(% In(2) ) ) 3.6)
> plot(y(x), x=-5 % ‘In(2),y=0 ..10)
10
8 .
6 .
y
4 .
2 .
-‘5 -‘4 -‘3 -‘2 | -‘1 | 0
X
> lim y(x)
X —> -
i 0 3.7
> lim  y(x)
x— % ‘In(2) -
i 00 3.8)
Konklusion:
Losningen til differentialligningen y'=y + y3 (hvor konstanten er sat til 2) er givet ved:
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\ 4

yix) =

NB: Definitionsmeangden er

L ~1- oo
-0 1n(2)[ ]- ;0.35[

Eksempel fran212 side 4 eksempel 2 og gvelse 4

> restart

> dsolve( {y'=3-y0'5 —0.5-y,(0) :4})
2

-— X

1
-—— X
y(x)=36—48¢ * +16 (e 4 )

| @.1)
> dsolve({y'=3~\/;—%~y,y(0) =4})
1 1 \2
SIS
i y(x) =36 —48¢ +16 \e 4.2)
> y = unapply(rhs(%), x)
1 1 \?2
el
i y=x—36—48¢ * +16 e 4.3)
> factor(y(x))
1 2
s
| 4 (2 e —3) 4.4)
> Jim, y(x)
i 36 4.5)
> VS :=y'(x)
L RING
i VS:=12¢ * —38 (e 4 ) (4.6)
> HS:=3-3(x)"> —0.5-(x)
( 1 1 \?2 1 1 \?2
el ()
HS:=3\36—-48¢ + 16 \e —18.0+240¢ —8.0 \e 4.7
(> plot(VS,x=-5.5,y= [> plot(HS, x=-5.5,y= (> plot({VS, HS}, x=-5
-10..5) -10..5) .5,y=-10..5)
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> a = solve(y(x) =0, x); evalf (%)

3
a:=-4 ln( B )
i -1.621860432 4.8)
> lip (o
0 4.9)

[ Konklusion:
Losningen til differentialligningen y'=3- yO'S — 0.5-y under betingelsen y(0) =4 er givet ved:

y(x)=4 (2 e_%x—3) = (6 —4-e_%-x)

NB: Definitionsmeangden er

(e
> plot\ \6 —4-¢

—4-ln(%),w[ z[—1.62;00[
2

,x=a..2,y=0..15j
15

10

2
(P |
> plot\ \6 —4-¢ ,x=a.50,y=0.40
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40

30 1

y 20 A

10 1

Eksempe fran212 side5 avelse 5

|:> restart

V¥ Stamfunktion 1

J- — dxzé-ln(l—xz)zln(\/l—f)
1 —x
Test:

1 2 1 1 X

—01 1— ':—n . —2- = -
(5 m( =) |'=3 (2w =
| OK

X
e
1 —x
Lln(x—l)-i—iln(x—I—l)

i 2 2
| NB: Maple giver In(x — 1), som ikke er defineret for -1 <x <1!

Steen Toft Jergensen

(5.1.1)
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> (%-ln(l—xz))'
X
- | —x
¥ Stamfunktion2
X
o
(1-2)°
(x—1) (x+1)
(1—x2)3/2
X _(ltx) (x4 P
- 3 dx = 3 _ 5
Loa-d° (1-2)° (1-)°
V¥ Forskrift
0.5 0.5
r=e(1-2)" +(1-2)" |- —F— dr e
2
(1—x%)
2
0.5 0.5 —
Z=c-(1—x2) -I—(l—xz) as 13 =
2
(1—x%)
2
0.5 0.5 —
z=c-(1-) "+ (1-+) ol
(l—xz)-(l—xz)
2
0.5 _
z=c (l —xz) + d 12
1 —x
0.5
z=c~(1—x) -1
eller
z=c+/ 1 —x —1
dvs.
y=z""dvs. losningen er:
y= 1
c- 1—x* —1
| Test:
1 ) 5
> subs|y= ,(l—x )'y'-x-ny-y
( c 1 —¥ =1

Steen Toft Jergensen

(5.1.2)

(5.2.1)
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> simplify( %)

(= )) e

;Det stemmer!

Definitionsmangden?

| Begraenset indenfor |- 1; 1[, men na&vneren ma ikke blive 0!

Y Eksempel fran212 side 6 gvelse 7

¥ Gennem (0,2)

_> restart

> yi=x— 1

e 1—x* —1
y=x— 1

i cy 1 —x —1
_GennemP= (0,2):

[ > solve(y(0) =2, c)

3
i 2
Dvs. lgsningen er y = 1
R

_Deﬁnitionsmaengden?

> solve(%-\/ 1—x —1 =O,x);evalf(%)
V5.5V
i -0.7453559923, 0.7453559923

> plot[ ! ,x=—%'\/?..%-\/?,y=0..20

%-\/1—;3—1

Steen Toft Jergensen

(5.3.1)

(5.3.2)

(6.1.1)

(6.1.2)

(6.1.3)
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\ 4

207

15

y 104

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

[ Husk at grafen gar gennem (0,2).
Dvs. definitionsmaengden bliver her: |- % /53 % -5 | eller ca. ]-0.75; 0.75[

Gennem (-0.5,5)
[ Gennem Q= (-0.5, 5) :

> solve(y(-0.5) =5, ¢)

i 1.385640646 (6.2.1)
> solve(y( - % ) =5, c)
% J3 (6.2.2)
i . 1
Dvs. losningen er y = 4
—J3J1—x -1

5

_Deﬁnitionsmaengden?
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> solve(%-\/?-\/ 1—x —1 =O,x);evalf(%)
1 1
3 J69, - 3 J69
0.6922186552, -0.6922186552 (6.2.3)

x:'le"/ 69 %/ 69.7=0.20

> plot[

1
%\/?\/1—)2 —1

20

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

[ Husk at grafen gar gennem (-0.5,5).
Dvs. definitionsmangden bliver her: |- % -\ 69 ; % -y 69 | eller ca. [-0.69; 0.69]

Y Eksempel fran212 side 5 eksempel 3 og gvelse 5 og 6

|:> restart

|7> dsolve( (1 —xz) -y'—X'y=X'y2);

(7.1)
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y(x) = ! .1)

-1+Jx—1Vx+1 _CI

For at fa det, skal C1/ vare et komplekst tal!

> subs(_C1=y~-1,(7.1))

1
y(x) = (7.2)
-1+IJx—1JVx+1

1 (5.1) ma vi lave omskrivning i hdnden!

Lad Cl=c+/-1

Navneren =

d4+yr—TVxFlev-T=1l+cyx—1D -aF+D-(-1) =1+cv (F—=1)-(-1) =

-1 +c-\/1—x2 =c-\/1—x2 —1

1

c+ 1 —x =1

Losningen er altsé: y(x) =

_Lasningen er defineret i en del af intervallet -1<x<1.
| Antag, atc = 1, sd man kan tegne losningen:

1

J1-x -1

>y:=x—>

b

Y S— (1.3)

J1-x —1

> plot(y(x), x=-1..1,y=-100..0);
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> SOZV@(C'\/ 1—x —1 =O,x>

_Prﬂve for at se, om det faktisk

> y(x)

| Venstre side:

VS =

_20,

_40,

_60,

_80,

-1100 -

b

\/02—1
c

ER en losning:

1

_\/02—1
c

J1=x —1

> s = (1 —xz)-y'(X) —xy(x);

\ll—xzx

_Bem&rk, at definitionsmangden ENTEN er ]-1; O[ eller ]0; 1[ i dette eksempel.

Hvis c antager en anden verdi, sa vil opdelingenspunktet for definitionsmangden vare et andet:

(7.4)

(7.5)

(7.6)
—1
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VayeéfL+rf;

> dsolve(y'Z ix.Z +x-\/7)

y(x) — ( In(x) +_C]) =0

=> solve(%, y(x))
1

" 4ln(x)2 +x* In(x) ClI —I—x4_C12

=> factor(%)

% X (In(x) +2 _CI)?

Losning: y(x) = ((% In(x) +_C]) xz)

2

Yy ty=xy
[> dsolve(y'+y =x'y3)

> simplify( %)
X
2
] (V1=#-1)
| Hojre side:
> HS = x-y(x)%
HS = 2 3
i (V1= -1)
> is(VS=HS)
| true
Det stemmer!
Y Eksempel fran212 side 6 gvelse 8
|:> restart
Y)y=p—yp
Dy'=y—vy
> dsolve(y'=y —y3)
1 1
y(x) = ,y(x) =~
1 +e ' I 1 +e > _CI

Steen Toft Jergensen

(7.7

(7.8)

(7.9)

8.1.1)

(8.2.1)

(8.2.2)

(82.3)

(8.3.1)
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2 2
y(x)=- ,y(x) = 8.3.1)
J2+4x+4e* i J2+4x+4* Ci
2-x 3
~ Jy
> dsolve({y'-l— X - %,y(l) ZZD
2-x y
7
y(x) = —”;”5 8.4.1)
3
\ 2
Y9 x-y'+y=(xy)
3
> dsolve({x-y'+y= (x-y) z,y(l) =4})
4
yx) =5 (8.5.1)
| X
2
3 _ 3 3
Vo) y'-—=-y=="y
X X
[ 2
> dsolve[y'—i'y:i'y3]
X X
i yx)'P+1—-x CI=0 (8.6.1)
> solve(%, y(x))
i -143x CI—-3x _cl*+x crP’ (8.6.2)
> factor(%)
i (-14+x _CI)® (8.6.3)
Lesning: y(x) = (-1 4+ x - CI)°
:Gnskes losning gennem (1,2) far man:
2
3 33
> dsol 2 y=2. 1) =2
{2y L)
2
() - (2x+4)2 + 2x+43) 2+ 2 +5+22) J (x 4227 +25+1) 8.64)
Y (22/3+21/3+1)3 o
> evalf (%)
|| y(x) =0.01755999378 (7.694644204 x + 14.80188736 +x7) / (x +3.847322102)” (8.6.5)
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Y n212 side 7, gvelse 9: Bertalanffysligning (fiskerimodel)

w'(t)=h-(w(t)) —k-w(?)

2

NB: Bemerk fejlen i noten. Der star (w (k) ) 3 , det skal vaere (w(t))

w |

Bevis med hiandkraft:
Bertalanffys ligning er af typen Bernouilli-ligning: y'=g(x) - y“ —f(x)-y,hvor a= %

I beviset overst side 3 omformes differentialligningen til:
Z=-(1—0a)f(x)z+ (1 —a) -gx)

. 1 —
hvorz er en ny variabel: z=y ~ ¢

Denne differentialligning er linezr af typeny' =5 - a-y, som har lgsningeny = % +c-e

_k apoh
Dvs.a = 3 ogb 3

- k
I P
z'=§-z— har sé’11;2jsningenz=—l3C +ce ( 3j < z= h

W=

3

3
33 1 1Y . 3
Daz=y ~ <y =—©y=(—) fdr man lesningen: y=| — +c-e
z z

:Bevis med Maple:

> restart

Antagh > 0o0gk >0

:> assume(h > 0, k > 0); interface(showassumed =0) :

2
> dsolve(w'(t) =h-(w(t)) 3 —k-w(t))

wnP— 37 =0 ©9.1)

> w(t) =solve(lhs((9.1)), w(t))

QN



Bernouillis differentialligning Side 19/23 Steen Toft Jergensen

3
hve 2" end)
h + Clk
(1) = T 9.2)
i k
L k .
- .t
Eller w(¢t) = (% + Cle ]
Med betingelse w(0) =0 fas:
I 2
> dsolve({w'(t)=h-(w(t))3 —k-w(t),w(0)=0});
i w(t) =0 9.3)
UPS! Nullesningen er ikke brugbar 1 praksis! S& den kan Maple ikke lose.
Sa vi regner videre med resultatet fra (7.2):
=> subs(t=0, rhs((9.2)) );
(h+e cik)’
3 94)
i k
> simplify( %)
3
(h + 3CI k) 9.5)
i k
> solve((9.5)=0, Cl);
h h h
i k 9 k > k (9'6)
> subs(_C] =- %, rhs((9.2)) );
3
h=e ")
h—e : h 9.7)
i k
> tli_r)noo(9.7)
3
h—3 9.8)
i k
[ 1 3 1 3
B ﬂ_ﬁ —E'k'l‘] B ﬂ 3 ( _ —E'k't)
Eller w(t) (k p e (k ) l1-e
3
Gransevardien for t— o er (; ) .
T n212, side 7, gvelse 10 (grafer)



Bernouillis differentialligning

> restart

5,

3
Antag: (% ) =5
Tegn grafen for w(t) fort=0.4,t=0.8 0gt=1.2

1 3
( ‘3"”)
> wi=t—>5-\1-¢e

[
wi=t—=5\1—e¢

[ > plot({subs(k=0.4, w(t)), subs(k=0.8, w(t)), subs(k=1.2,w(t))}, t=0..50, labels
= [t, w], color = [red, green, blue])

Side 20/23

3

|:> restart
|:> dsolve(N'(t)

10

n212, side 7, gvelse 11

-a-N(t))

20

30 40

N(t)= Cle ™™

50

Steen Toft Jergensen

©9.1.1)

9.2.1)
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¥ n212, side 7, gvelse 12+13+14+15

> restart

;Fra ovelse 9 har vi:

3 1k ’
_—..t
>w::t—>(£)-(l—e 3 )

k
3
-— kt
(e )
we=go AL ZC 9.3.1)
JE

_Frar fiskeriet starter har vi:
N(t) =N0-e ™!

Efter firskeriet er startet har vi:
N(t) =k-e” M

Begge udtryk skal give det samme, nér fiskeriet starter ved tiden fc:

-M-tc
NO.e—M-tczk.e—(M—}—f)-tc P kzNO_eM— - kZNO.e—M-tc-i-(M—I—f).tc - k=N0.ef-tc
e( +f)-tc
> Ni=t—-No-e/ ™M
i N:=t—>No e M1 9.3.2)
> B = (—N(t)w(t)
i B:=t—N(t) w(t) (9.3.3)
> B(1)
1 3
1 (M =113 (1 _Ekt)
NO e —¢
E (9.3.4)
B T
> Y:=f-J B(t) dt
fc
1
~-TM+Tf— — kT
Y:=—(/h3eﬂCN0(—36e_TM+Tfok+90e S Mfk 9.3.5)
2
-TM+Tf— = kT
—T2e S Mfk+18e TMTI T T prep 436 e M1 prpk
1 2
-Mtc + ftc — — ktc -Mtc + ftc — — ktc , L
—90¢ S Mfk+72e 30 Mfk—18 e Mt lemkic prey
—TM+Tf—%kT ; —TM—i—Tf—%kT 3 —TM+Tf—%kT 5
—27e M +27e f +27e M
2
~TM+Tf— < kT : . N
7. 3 f3_9e—TM+Tj—kTM3+9e TM+Tf ka3

1
-Mtc + ftc — 3 ktc

+9e—TM+TfM3_9e—TM+Tff3+26—TM+Tfk3_|_27e M
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1 2 2

-Mtc + ftc — gktc 3 -Mtc + ftc — gktc 3 -Mtc + ftc — Ektc 3

—27e fF—27e M +27e f

+9 e—Mtc + ftc —kth3 —9 e—Mtc +ftc —ktcf3 —9 e—Mtc +fth3 +9 e—Mtc +ftcf3

TMATf— L kT ~TM+ Tf—%kT -TM+ Tf—%kT

SMf—45e Mk—8le Mf

TMATf— L kT TMATS— Lr -TM+ Tf—%kT

—18e 3OMK—45¢ 3 ffk+18e Vi
-TM+Tf— % kT ~-TM+Tf— % kT -TM+Tf— % kT
—8le M f+36e Mk+8le Mf

—TM+Tf—%kT ) —TM+Tf—%kT 5 —TM+Tf—%kT )
+9e M +36¢ Fk—9e fk

+8le

o7 TM+ Tf—kTMZf_ 9o TMHTI=KT g2 0 5y ~TM+ Tf—kTMf2

—18 e—Mtc+fth2k_27 e—Mtc—!—fthfZ 11 e—Mtc—!—fthkZ —18 e—Mtc—!—ftcka

1 1
-Mtc + ftc — = ktc -Mtc + ftc — — ktc
+ 11 e MetSie 2 g1 e 3OMf+45e SO Mk

—Mtc—f—ftc—%ktc 5 —Mtc—l—ftc—%ktc 5 —Mtc-i—ftc—%klc 5
+8le Mf~+18e Mk +45e fk

—Mtc—l—ftc—%ktc ) —Mtc-i-ftc—%ktc ) —Mtc-i—ftc—%ktc )
—18e P +81e Mf—36e Mk

2 2 2
-Mtc + ftc — = ktc -Mtc + ftc — < ktc —Mtc-f—ftc—gktc

—8le S Mff—9e S MK —36e

2
-Mtc + ftc — = ktc
+9e¢ 3 fk2_27 e—Mtc+_ftc—kth2f+9e—Mtc+ftc—kth2k

fk

+27 e—Mtc—!—ftc—kthfZ +2 e—Mtc+ftc—kthk2 +9 e—Mtc+ftc—ktcf2k

_2e—Mzc+ftc—ktcfk2))/(k3 (M—f) BM—=3f+k) BM—=3f+2k) (M—f
+k))

> f:=1;tc:=2;T:= 16; NO :=
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3
NO 10000300k
h
k=15
i M:=0.1 (9.3.6)
>y
i 1.988930485 10 ¢? 9.3.7)
> evalf (%)
i 1.469631893 10" (9.3.8)
Fangsten er sa: 1.47- 10"



