Radioaktivt henfald Side 1/15 Steen Toft Jergensen
| Model: radioaktivt henfald

| Variable og formler:

N =antal endnu ikke henfaldne kerner (enhed: stk )
A = aktiviteten = antal henfald pr. tidsenhed (enhed: Becquerel = Bq = stk. pr. sekund = s ! )
k =sonderdelingskonstanten (enhed: s_l)

T, = halveringstiden (enhed: s)
2
dN
A=-——
dt

(formlen folger direkte af definitionerne af 4 og N)
A=k-N

(formlen siger, at aktiviteten 4 er proportional med antal ikke henfaldne kerner N,
hvilket er meget fornuftig antagelse: dobbelt sa stor radioaktiv klump giver dobbelt sa stor stréling)

Sammenstilles de 2 formler, far man en differentialligning for N: - Ccll_];, =k-N < % =-k-N

Det er den 1. standardtype, som vi kender lgsningen til: y'=k-y < y=c-e kx

Dvs. N(t) =N0-e_k't , hvor N er veerdien af N til start, dvs. £=0.
Formlen for aktiviteten er sa: A(¢) =k-N (1) = k-NO-e_k" = A(t) =A0-e_k't

Konklusion: bade N (¢) og 4(t) aftager eksponentielt med samme hastighed.

Formel for halveringstiden kan beregnes:

2 1 o (1 _ 2 ) _In(l) —In(2) _ In(2) _In(2)
¢ TEy ekl ln(z)c’Ti “k & k ‘E’T% k
_In(2)
o k= Tl
2
V¥ Simpelt henfald
_Model:

Stofl henfalder til stof2, som er stabilt.
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stof 1 stof 2
_
~kl-NI + kI-NI
¥ Kun stofl

_Differentiallignings-model:

Differentialligninger:
ANT =-kl-N1
dt

Betingelser:
NI(0)=NI0

;> restart
> dsolve( {NI'(t) =-kI-NI(t), NI1(0) =NI0}, NI(t))
i NI(1)=N10e™"
[> NI = unapply(rhs((1.1.1)), ¢) : N1 (1)

NI1oe *!

> NI0 = 10%°
N10 = 100000000000000000000

> klI:=02
kl:=0.2

> plot(NI(t),t=0..10,y=0..10", color = red, labels=[t, N])
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Kun med stofl til start

_Differentiallignings-model:

Differentialligninger:
ANT __y1-N1
dt
dN2 dN1
—— =-——=kI-NI
dt dt
Betingelser:
NI1(0)=NI0
N2(0)=0

=> restart

> dsolve( {N1'(t) =-kI-N1(t), NI1(0) =NI10}, NI(t))
NI(t)=NI10e ™!

10

Steen Toft Jergensen

(1.2.1)

=> dsolve({NI1'(t) =-kI-NI(t),NI1(0) =NI10,N2'(t) =kI-NI1(t),N2(0) =0}, {NI(¢),

N2(1) })

{NI(t)=NI10e™™ N2(t) =-N10e ™"+ N10}

(1.2.2)
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> NI := unapply(rhs((1.2.2)[1]),¢) : NI (t)
i Ni1pe ™! (1.2.3)
> N2 == unapply(rhs((1.2.2)[21]), t) : N2(t); simplify(N2(t))
-N10 ™M+ N10
i -N10 (e M —1) (1.2.4)
> NI0 = 10%
i NI10 :=100000000000000000000 (1.2.5)
> kl:=02
i kl:=0.2 (1.2.6)
> plot( {NI(t),N2(¢t)},t=0.10,y=0 ..1020, color = [red, green], labels = [t, N ] )
1.x 1020
8 x 1019,
6.x 10"
N
4.%x 10"
2. x 1019,
0 T T T T 1
0 2 4 6 8 10
t

¥ Béde stofl og stof2 til start

Differentiallignings-model:

Differentialligninger:

ANL k1N
dt




Radioaktivt henfald Side 5/15 Steen Toft Jergensen

dN2 _ dNI
e Y _k1-NI
dt dt
Betingelser:
NI(0) =NI0
N2(0) =N20
:> restart
> dsolve({NI'(t) =-kI-NI(t), N1(0) =N10}, N1(¢))
i NI(t)=Ni10e ™! (1.3.1)
> dsolve( {N1'(t) =-kI-NI(t), NI(0) =N10, N2'(¢t) =kI-N1(t), N2(0) =N20}, {NI(¢),
N2(1)})
i {NI1(t)=N10e™™" N2(t) = -N10 ™"+ N10 + N20} (1.3.2)
> NI == unapply(rhs((1.3.2)[1]),¢) : N1 (¢)
i Ni10e ! (1.3.3)
> N2 == unapply(rhs((1.3.2)[2]),t) : N2(¢)
-N10e ™'+ N10 + N20 (1.3.4)

> N10 == 10*% N20 == 2-10"
N10 = 100000000000000000000
N20 = 20000000000000000000 (1.3.5)

> kl =02
kl:=02 (1.3.6)

> plot( { NI(t),N2(¢)}, t=0..10,y=0..1020, color = [red, green], labels = [t,N])




Radioaktivt henfald

_Model:

% 1020ﬁ

X 1019,

X 1019,

X 1019,

X 1019,

Side 6/15

V¥ Henfaldskaede

Stof1 er radioaktivt, og henfalder til stof2.
Stof2 er selv radioaktivt, og henfalder til stof3, som er stabilt.

stof 1

-ki-NI

stof 2 stof 3

—k2-N2
+ ki-Ni + k2-N2

V Kun stofl til start

model
Differentiallignings-model:

Differentialligninger:

Steen Toft Jergensen
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AN k1-N1
dt
o =kl1-NI1—k2-N2
dt
dN3 _ k2-N2
dt
Betingelser:
NI1(0) =NI10
N2(0) =0

N3(0) =0

[NB: Differentialigningssystemet kan loses successivt!

Dvs. man kan lgse differentialligning nr. 1 ferst mht. N/ (z), og indsatte den lgsning i
differentialligning nr. 2,

og sé lgse nr. 2 mht. N2(¢), og igen indsatte den lgsning 1 differentialligning nr. 3, og sd
endelig lase den mht. N3 ().

| Det er absolut ikke almindeligt, at differentialligningssystemer kan lgses successivt.
| > restart
> dsolve({N1'(t) =-kiI-NI1(¢t), NI(0) =NI10}, N1(¢))
i NI(t) =N10e ™! (2.1.1.1)
> dsolve({N1'(t) =-kI-NI(t),NI(0) =NI10,N2'(t) =kI-NI(t) —k2-N2(t), N2(0)
=0}, {NI(1),N2(1) }) o y
_ -k2t ~kit
NI(1) =NI0 e—k]t, N2(t) = - (-kl +Kk2) ki NgO e __kle " "NIO 2.1.1.2)
(kI —k2) kl —k2
({NI'(t) =-kI-NI(t),NI(0) =NI10,N2'(t) =kl-NI1(t) —k2-N2(t), N2(0)
=0,N3'(t) =k2-N2(t), N3(0) =0}, {NI(t), N2(¢t), N3(¢t)})

B k2t kit
NI(t) =N10 e N2 (1) = - LM ARV RINTO e = Kle " NIO s~ (2,1.1.3)
(kI —k2) kI —k2
-k2t 4 ;2 -k2t
kit e URPNIO e ™'RINIOK2
- 10 k2 — — kI NI 10 k2
e NIOK2+ =0 P kI N10 +NI0 k
kI — k2
(> NI = unapply(rhs((2.1.1.3)[1]), ¢) : NI (¢)
i Ni10e ! (2.1.1.4)
> N2 := unapply(rhs((2.1.1.3)[2]), t) : N2(t); simplify(N2(t))
(kI +R2)KINIOe ™' kie™M'NIO
(ki —k2)2 kl —k2
k2t kit
KIN1O (e ) 2.1.1.5)
kI — k2

(> N3 = unapply(rhs(Q2.1.13)[31), 1) : N3(2); simplify(N3(2))
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-k2t, 42 -k2t
kit e RPNI0 e kINIOK2
_ e NI K2+ S s kI N10 + N10 k2
kI — k2
-k2t -klt
_NI0 (-kl+kle e k2 +k2) 2.1.1.6)
i kI — k2
> NI0 == 10°°
i N10 = 100000000000000000000 (2.1.1.7)
> kl:=03:k2:=02:k3 :=0.1
kl:=03
k2:=02
i k3:=0.1 (2.1.1.8)
> plot({ NI1(t), N2(t), N3(¢)},£=0..10, y=0..10°, color = [red, green, bluel, labels
=[t,N])
1.x 1020
8. x 10! 1
6.x 1019
N
4. %1019
2.x 1019
0 T T T T 1
0 2 4 6 8 10
t
(> kI = 03;k2 = 0.4: k3 == 0.1
kl:=03
k2:=0.4
i k3:=0.1 (2.1.1.9)
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> plot( {NI(t),N2(t),N3(¢t)},t=0.10,y=0 ..1020, color = [red, green, blue), labels
=[N1)
1.x 10207

8. x 10! 1

6.x 1019

4. %109

2.x 1019

\ 4 Successiv losning med hindkraft

Trin 1:
ANT __ 1N
dt

Er af 1. standardtype: y'=k-y < y=c-e** , dvs. losningen er NI (t) =cl-e *"!

Udtrykket indsettes 1 naste trin.

Trin 2:
ANZ _ L1 NT — k2-N2
dt
lyder sé: Nz _ kl-cl-e™"—k2-N2

Denne er enlinezer type: y' = -a(x)-y + b(x) < y=¢ 4 -Jb(x) 1 dy + ¢ ™™ hyor

A(x) er en stamfunktion til a(x).
Herera(t) =k2ogb(t) =kl-cl ekt (husk at variablen x hedder ¢ her).
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Sa bliver A(1) ZJa(t) dr =Jk2 dr=k2-t

0og

Jb(t) T dt=Jk1-c]-e_kj't-ekz'tdt=k]-cl-Je(kz_k])'tdt= —k’;]fé] R kD

Hermed kan man finde N2 (¢) :

N2(1) ze—kZ-t.(%_e(kZ—ld)i) 4oepe ki klgl;clil o H L ook gk
-k2-t

+c2-e

Sa: N2(t) =c3-¢ !

+ 2. F!

Udtrykket indsattes 1 naeste trin.

Trin 3:
AN3 =k2-N2
dt

lyder sa: dN3 =k2- (c3-e_k1‘t+02-e_k2't)

dt
Denne differentialligning leses simpelt ved integration!
N3(1) =sz- (c3-e " 4277 dtZJ(kZ-CS-e_kI't +h2-c2-¢ ) dt= k_Z—kcf e M2

e My g
Sa: N3 (1) =c5-e -2 4 oy

3-e
5.0kt —k2-t

-c2-e +c4

NI(0)=NI0
N2(0) =0
N3(0) =0
Det betyder, atc/ =N10
. kl-cl k1
.3 = = N1
Og c3 var givet ved ¢3 2 — k1 < c3 2 — &l NI0
N2(0) =0 betyder s atc3-¢ 0+ 26 0=0 & c34+c2=0 o c2=-¢3
K
Derfor er c2 = 0 — &l NI0
Ovenfor fandt man, atc5 = ki{c].? .Dvs.c5= —k]f] . k2k—1k1 -NI10=- k2k—2k1 -NI10
N3(0) =0 betyder siatc5-¢ *0-c2-e ™04 c4=0 @ c5—c2+c4=0 =
- (k2 kL k2
cd=-c5+c2 ( S N10)+( S NIO) & c4= 52 NIO
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ki k2 —kl B
g NO0= 5= -NI0=NI0
Lesningerne:
NI(t) =NI10-¢ ¥
kl ~kl-t kl —k2-t k1 kIt -k2-t
2(t) = ———.NI10- - .NIO - =—" _NI0- -
N2 =G5 g N0 g g N0 e g g N0 (e e
_ k2 _ kit _L_ k2t _
N3 (1) == 5= "Nl0-e g V10 e NI
ki1 -k2-t k2 ~kI-t
10- [ —2— S 1
- (kz—kl ¢ w2—r ¢ T )

YV Successiv losning i Maple
| > restart

1. differentialligning loses:

=> dsolve({NI1'(t) =-kl-NI(t),NI1(0)=NI10}, NI(t))

i NI(t) =N10e ™! (2.1.3.1)
> NI := unapply(rhs((2.1.3.1)),¢) 'NI1(t)'=NI(t)
NI(t) =N10e ™! (2.1.3.2)

_L;asningen indsattes i 2. differentialligning:

(> N2'(f) =kI-NI(f) — k2-N2(#)
D(N2) (1) =kI N10 e " — k2 N2(1) 2.1.3.3)

2. differentialligning loses:

> dsolve( {N2'(1) =kI-NI(t) —k2-N2(1), N2(0) =0}, {N2(1) })
sz:(_ kINIOe "™ ™% kiNIg ) k2t

i kl —k2 + kl —k2
> N2 := unapply(rhs((2.1.3.4)), t) 'N2(t)'=N2(t);'N2(t)'=simplify(N2(t))
~t (kI —k2)
N2(0) = ( kINIO e L kINIO je_m
kl —k2 kl —k2
kI N10 (e—t(kl —k2) _ 1) e—kZl
i k1 — k2

2.1.3.9)

N2(t) = (2.1.3.5)
_L;asningen indsattes i 3. differentialligning:

(> N3'(f) =k2-N2(f)

-t (kI —k2)
kI N10 e kI N10 ) o2t 2.13.6)

D(N3)(”:k2[' K—k2 |k —k2

3. differentialligning loses:

(NB: kan loses ved integration)
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\ 4

> dsolve( {N3'(t) =k2-N2(t), N3(0) =0}, {N3(t)})
kit k2t
e e 1 1
NMHZHNMM(AJ kzj__HNwM(M m) .
i kl —k2 kl —k2 o
> N3 := unapply(rhs((2.1.3.7)), t) 'N3(t)'=N3(¢t);'N3(t)'=simplify(N3(t))
kit -k2t
e e 1 |
Nj(t)zkINIOkz( — - ) _k]N]OkZ(k] kz)
kl —k2 kIl —k2
N0 (e ™M k24 e k1 — ki + k2)
| N3(t) = i — 12 (2.1.3.8)
Alle 3 stoffer i spil fra starten
Differentiallignings-model:
Differentialligninger:
AN j1-N1
dt
4 =kl-NI—k2-N2
dt
AN3 =k2-N2
dt
Betingelser:
NI(0)=NI10
N2(0) =N20
N3(0) =N30
;> restart
> dsolve({N1'(t) =-kI-NI(t), NI1(0) =NI0}, NI(t))
i NI(t) =N10e ™! (2.2.1)
> dsolve({NI1'(t) =-kI-NI1(t), NI(0) =NI10,N2'(t) =kl-NI(t) —k2-N2(t), N2(0) =0},
{NI(1),N2(1) }) o .
_ -k21 -klt
NI =N10 e Na () = - LK) KINIO P! k1 e NIO 222)

(kI —k2)? kI —k2

=> dsolve({NI1'(t) =-kI-NI(t), NI(0) =NI10, N2'(t) =kI-NI(t) — k2-N2(¢t), N2(0) =N20,
N3'(t) =k2-N2(t), N3(0) =N30}, {NI(t), N2(t), N3(¢t)})

_ _ -k2t
N](Z) =N10e_k”,N2(t)=- ( kil +k2)( k2N2kO+l;f{]]\2/]0+N20k])e
(kI —k2)

(2.2.3)

ke ™INTO B 1 ( oy
T, N = | e NI k2
e Pkl (k2 N20 + kI N10 + N20 k1)

kI — k2

-k2t
e (-k2N20 + kI NIO +N20 kl) k2 — (N30 + N10 + N20) kI + (N30

+

kl —k2
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+ NI10 + N20) k2)]

(> NI := unapply(rhs((2.2.3)[11), t) : N1(¢)
i Ni1pe ™! (2.2.4)
(> N2 = unapply(rhs((2.2.3)[21]), t) : N2(t); simplify(N2(t) )

(-kI +k2) (-k2N20 +kINIO +N20kl) e ™" k1e ™' NIo

(k]—k2)2 kl —k2
e M k2 N20 + e RINIO + e I N20 kI — k1 ¢ NIO (2.2.5)
] Kl — k2 B
> N3 := unapply(rhs((2.2.3)[31), 1) : N3(¢); simplify(N3(t))
k2t
0 u e "'kl (-k2 N20 + kI N10 + N20 k1)
—kl—k2[ e MINIO K2 + 12
k2t
e kZNZOI:_]k—]l]cVZIO EN20KD K2 N30+ N1O + N20) kI + (N30

+NI0 + N20) kZ)

I S
kI — k2
|+ N30k2+k2N20 — e M NIO k2 + N10 k2)
> N10 := 10°% N20 := 5-10"%; N30 := 10"
N10 = 100000000000000000000
N20 :=50000000000000000000
N30 == 10000000000000000000 @2.7)

(> kI = 0.3: k2 == 0.2: k3 == 0.1

(e ™ kINIO—N30 kI +e ™ ' N20kI —kI NIO —N20kI —e ™ k2 N20  (2.2.6)

kI:=0.3
k2:=02
k3:=0.1 (2.2.8)

> plot( {NI(t),N2(¢t),N3(¢t)},t=0.10,y=0 ..1020, color = [red, green, blue], labels = [t,
N1)
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1.x 1029

8.x 1019

6.x 10191

4. % 101

2.%x 10191

(> kI = 0.3: k2 == 0.4: k3 == 0.1

kl:=03
k2:=0.4
k3:=0.1 (2.2.9)

> plot( {NI(t),N2(t),N3(t)},t=0..10,y=0 ..1020, color = [red, green, blue], labels = [t,
N1)
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