Radioaktivt henfald Side 1/14

;Model: radioaktivt henfald

| Variable og formler:

N =antal endnu ikke henfaldne kerner (enhed: stk )

k =sonderdelingskonstanten (enhed: s_l)

T, = halveringstiden (enhed: s)
2
dN
A=-——
dt

(formlen folger direkte af definitionerne af 4 og N)

A=k-N
(formlen siger, at aktiviteten 4 er proportional med antal ikke henfaldne kerner N,

Steen Toft Jergensen

A = aktiviteten = antal henfald pr. tidsenhed (enhed: Becquerel = Bq = stk. pr. sekund = s ! )

hvilket er meget fornuftig antagelse: dobbelt sa stor radioaktiv klump giver dobbelt sa stor stréling)

Stofl henfalder til stof2, som er stabilt.

Sammenstilles de 2 formler, far man en differentialligning for N: - Ccll_];, =k-N < % =-k-N
Det er den 1. standardtype, som vi kender lgsningen til: y'=k-y < y=c-e kx
Dvs. N(t) =N0-e_k't , hvor N er veerdien af N til start, dvs. £=0.
Formlen for aktiviteten er sa: A(t) =k-N (1) = k-NO-e_k" = A(t) =A0-e_k't
Konklusion: bade N (¢) og 4 (t) aftager eksponentielt med samme hastighed.
Formel for halveringstiden kan beregnes:
kT
2 1 I m(%) In(1) —In(2) _ In(2)
> —
© :?Q'k'Tizln(E)c'Ti: K “k T o h
2 2
_In2) _ ,_ @)
k T,
2
V¥ Simpelt henfald
[ Model:
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stof 1 stof 2
_}
-kil-NI + kI-NI
V¥ Kun stofl

_Differentiallignings-model:

Differentialligninger:
ANT =-kI-N1
dt

Betingelser:
NI(0)=NI10

;> restart
> dsolve( {NI'(t) =-kI-NI(t), NI1(0) =NI0}, NI(t))
i NI(t)=N10e !
[> NI = unapply(rhs((1.1.1)), ¢) : N1 (1)

NI1g e *!

> NI0 = 10%°
N10 := 100000000000000000000

> klI:=02
kl:=0.2

> plot(N](t), t=0..10,y=0 ..1020, color =red, labels=[t, N ], gria’lines)
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(1.1.1)

(1.1.2)

(1.1.3)

(1.1.4)
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\ 4

1. x 10297

8. x 109

4. % 1071

2. X 1019'

Kun med stofl til start

_Differentiallignings-model:

Differentialligninger:

ANT _ py-NI
dt
dN2 _ dNI
e YL _k1-NI
dt dt
Betingelser:
NI(0)=NI0
N2(0) =0
;> restart
> dsolve({NI'(t) =-kI-N1(t), NI(0) =NI0}, NI(t))
i NI(t) =N10e ™! (1.2.1)
> dsolve( {NI'(t) =-kI-N1(t), N1 (0) =NI0, N2'(¢) =kI-N1(t), N2(0) =0}, {NI(¢),
N2(1) })
i {N1(t)=N10e™ ™" N2(t) = -N10 ™"+ N10} (1.2.2)
> NI = unapply(rhs((1.2.2)[1]),¢) : N1(?)
Ni1oeM! (1.2.3)

=> N2 = unapply(rhs((1.2.2)[2]), t) : N2(t); simplify(N2(t) )
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> NI10 = 10%

> kl:=02

NI10

Side 4/14

“NI10e M+ N1
“N10e ™'+ NIo

:=100000000000000000000

kl :=10.2
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(1.2.4)

(1.2.5)

(1.2.6)

> plot( {NI(t),N2(¢t)},t=0.10,y=0 ..1020, color = [red, green], labels=[t, N ],

gridlines)
1. x 10%°7

8. x 1071

6. x 10'°-

4. %1071

2. % 10171

Differentiallignings-model:

Differentialligninger:

ANT =-kI-NI
dt
dN2 dN1
—— =-——=kI-NI
dt dt
Betingelser:
NI(0)=NI0

N2(0) =N20

Y Béde stofl og stof2 til start

10
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| > restart
> dsolve({NI1'(t) =-kI-NI(t), NI(0) =NI10}, NI (1))
i Ni(1)=N10e™"
> dsolve( {N1'(t) =-kI-NI1(t),N1(0) =NI10,N2'(¢t) =kI-NI(t), N2(0) =N20},
{NI(t),N2(1)})
i {N1(t) =N10 ™ N2(1) = -N10 ™"+ N10 + N20}
> NI := unapply(rhs((1.3.2)[1]), ¢) : NI(¢)
i N10 ™!
> N2 == unapply(rhs((1.3.2)[2]),t) : N2(¢)
i -N10 ™"+ N10 + N20
> N10 = 10°% N20 := 2-10"
NI10 := 100000000000000000000
i N20 := 20000000000000000000
> kI =02
I k=02
> plot( {NI(t),N2(t)},t=0.10,y=0 ..1020, color = [red, green], labels = [t, N ],
gridlines)
1. x 1027
8. x 10171
6. x 10"
N
4. % 10"+
2. %10+
O T T T T 1
0 2 4 6 8
t
V¥V Henfaldskaede
|_M0del:
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10

(1.3.1)

(1.3.2)

(1.3.3)

(1.3.4)

(1.3.5)

(1.3.6)
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Stof1 er radioaktivt, og henfalder til stof2.
Stof2 er selv radioaktivt, og henfalder til stof3, som er stabilt.

stof 1 stof 2 stof 3
— oA |7
-kI-NI + kI-N1I + k2-N2

V¥ Kun stofl til start
Y Model

Differentiallignings-model:

Differentialligninger:
AN k1-N1
dt
o =kI-NI —k2-N2
dt
dnN3 _ k2-N2
dt
Betingelser:
NI(0)=NI0
N2(0)=0
N3(0) =0

[NB: Differentialigningssystemet kan loses successivt!

Dvs. man kan lgse differentialligning nr. 1 ferst mht. N7 (7), og indsatte den lgsning i
differentialligning nr. 2,

og sé lgse nr. 2 mht. N2(¢), og igen indsatte den lgsning 1 differentialligning nr. 3, og sa
endelig lose den mht. N3 ().

| Det er absolut ikke almindeligt, at differentialligningssystemer kan lgses successivt.
| > restart
> dsolve({N1'(t) =-kiI-NI1(t), NI(0) =NI10}, N1(¢))
] NI(t)=Ni10e ™! (2.1.1.1)
> dsolve({N1'(t) =-kl-NI1(t), NI(0) =NI10,N2'(t) =kl-NI1(t) —k2-N2(t), N2(0)
=0}, {NI(1),N2(1)}) o y
_ -k2t ~kit
-kl CN2(f) = - (-kl +k2) N]O;d e __kle " 'NIO 2.1.1.2)
i (kI —k2) kl —k2
> dsolve({N1'(t) =-kI-NI1(t), NI(0) =NI10,N2'(t) =kl-NI1(t) —k2-N2(t), N2(0)
=0,N3'(t) =k2-N2(t), N3(0) =0}, {NI(t),N2(t),N3(¢)})

NI(t)=NI0e

B k2t kit
NI =N10 e N2 = - Rk NI0 KL e P! ke INI0. 2.11.3)

(kI —k2)? kI —k2

N3(t)
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e PP NIO e PINIOKI k2

kIt _ _
) e 'NIOk2 I — 12 + ] — k2 +NIOklI —k2NI10
i kl —k2
> NI == unapply(rhs((2.1.1.3)[1]), ¢) : NI (1)
Ni1ge ! (2.1.1.4)

=> N2 == unapply(rhs((2.1.1.3)[2]), t) : N2(t); simplify(N2(t) )
(kI +k2) NIOKkI ™" k1e™'NIO

(kI —k2)? kl — k2
-kit k2t
_NIOKI (e —e ) 2.1.1.5)
i kl — k2
> N3 := unapply(rhs((2.1.1.3)[3]), t) : N3(t); simplify(N3(t))
-k2t 4, 42 -k2t
kit e ™' kINI0O e ™'NIOKkI k2
10 k2 — 10 kI —k2 NI
e “INIOKk T Yt oo +NI0kI —k2NI0
kl — k2
kit k21t _
N1O (e ™' k2 —kl e ™"+ kI —k2) 2.1.1.6)
i kl — k2
> NI10 = 10%°
i NI0 :== 100000000000000000000 (2.1.1.7)
> ki :=03:k2:=02
kl =03
k2:=102 (2.1.1.8)

> plot({ NI1(t), N2(t), N3(t)},t=0..10, y=0..10°°, color = [red, green, blue],
labels=[t, N ], gridlines)
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1. x 1020

\

N
-~

4.x1019- L/ \ \
/

2. x 10" N
VR S~
——

[ 1/

0 . . .
0 4 6 8 10
t
> kI :=03;k2:= 04
kl:=03
k2 = 0.4 (2.1.1.9)

> plot( {NI(t),N2(t), N3(t)},t=0..10,y=0 ..1020, color = [red, green, blue],
labels = [t, N ], gridlines)
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1. x 10297

8. x 1019

4. %1071

2. X 1019'

\ 4 Successiv losning med hdndkraft

Trin 1:
i =-kI-N1
dt

Er af 1. standardtype: y'=k-y < y=c-e** , dvs. losningen er NI (1) =cl-¢ "

Udtrykket indsattes 1 naeste trin.

Trin 2:
% = kI-NI — k2-N2
lyder sé: N2 _ kl-cl-e™"—k2-N2

dt
Denne er enlinezer type: y'= -a(x)-y + b(x) < y=¢ 4 -Jb(x) A dx + cre ™
hvor A(x) er en stamfunktion tila(x).
Herera(t) =k2 og b(t) —Jl-cl-e M
S bliver 4 (1) ZJa(t) dt=Jk2 di=k2-t

og

Jb(t)-eA(’) df:JkI'CI'e_k]'t'ekz'tdt=k]-cl-Je("Z_k”"dt: kl;l;c}il olk2 kD)t

(husk at variablen x hedder ¢ her).

Hermed kan man finde N2 (¢) :
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NZ(l‘)=e_k2't-( kl-cl e(kZ—k]).tj_FcZ.e—kZ-t:k]'CI e_k].t—l-CZ'e_kZ't:cj’

k2 —kl k2 —kl
oKty o k2
Sa: N2(f) =c3-e 14 c2.e7F!

Udtrykket indsattes 1 naeste trin.

Trin 3:

A3 3Nz
dt

dN3
lyder sa:
ydersa: =
Denne differentialligning leses simpelt ved integration!
N3(1) =sz-(cs-e"‘“+c2-e"‘2") dt=J(k2-c3-e_k1't+k2-c2-e_k2't) d=

-k2-t

—i2-(e3-e7 M4 c2:e771)

k2-e3 | kit
kI
-c2-e +c4
Sa: N3(t) =c5-e M l-c2.e Ml 4 g

kIt o k2
—kl-t —k2-t
-c2-e

N2(t)=c3-e
(t) =c5-e

3

+c4

Startbetingelserne lyder:
NI1(0) =NI10

N2(0)=0

N3(0) =0

Det betyder, atc/ =N10

Og c3 var givet ved ¢3 = Ml Kl

o T T o —w

‘NI10

04 0o k20

N2(0) =0 betyder si at c3-¢ ' =0 e c3+c2=0 < c2=-c3

ki
w2 —x1 MO

+c

Derfor er ¢2 =-

k2-c3 k2 kI R
T PO T T o MO S Tl

RO L g=0 o c5—c2+cd=0 =

ki R
aay Py ~N10) o4 NI
ki k2 — kI

k2 —kl
— 0 — &l 'N]OZW'NIOZNIO

Ovenfor fandt man, atc5 = -NI10

N3(0) =0 betyder si atc5-e “/'0-c2-e
c4=—c5+02=—( k2 -N]O) + (

Losningerne:
NI(t) =NI10-¢ ¥

ki ki NI0 _e—kz.t: k1

T k2 —kl K2 —kl k2 — kil

_ k2 . . —k]-z__ k]
2 —x N0 k2 —kl

N2 (1) NI10-e - -N10- (e ¥ - 7k2)

NI10 -e '+ N10 =

N3(t) =
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_ kI k2 kK2 ki
P (kZ—k] ¢ k2—ki +1)
4 Successiv losning i Maple
| > restart
1. differentialligning loses:
> dsolvel {NI'(t) =-kI-NI(t), NI(0) =NI10}, NI1(t))
i Ni(t)=Ni10e ™! (2.1.3.1)
> NI := unapply(rhs((2.1.3.1)), ¢t) 'NI1(t)'=NI(t)
i NI(t)=N10e ™! (2.1.3.2)
Losningen indsattes 1 2. differentialligning:
(> N2'(1) =kI-NI (1) — k2-N2(1)
] D(N2) (1) =kI N10 ™" — k2 N2(1) 2.1.3.3)
2. differentialligning loses:
=> dsolve({N2'(t) =kIl-NI(t) —k2-N2(t), N2(0) =0}, {N2(t) })
o kINIOe"™ R NIk ) k2t
] N2(t)—( ] — 12 + il —i2 ) © (2.1.3.4)
> N2 := unapply(rhs((2.1.3.4)), t) 'N2(t)'=N2(t);'N2(t)'=simplify(N2(t))
-1 (kI —k2)
N2(8) = (_ kINIO e L, NIOK )e—k2t
kil —k2 kil —k2
NI10 ki (e—t(kl —k2) 1) e—th
2(t) =~ .1.3.
] N2(t) =12 (2.1.3.5)
Losningen indsattes 1 3. differentialligning:
(> N3'(1) =k2-N2(1)
kINIOe "™ =% N1 kI J ey
D =k2 | - 2.1.3.
I (N3) (1) =k ( K—k2 Kkl —k2 (2.1.36)
3. differentialligning loses:
(NB: kan lgses ved integration)
=> dsolve({N3'(t) =k2-N2(t), N3(0) =0}, {N3(¢#)})
e—k]l e—th 1 1
N3(t)=N10k]k2( — - ) _NIOk]kZ(E—E) .
i k1 —k2 kil —k2 o
> N3 := unapply(rhs((2.1.3.7)), t) 'N3(t)'=N3(t);'N3(t)'=simplify(N3(t))
-kl't -k2t
e e 1 1
o NIOkaZ( — - ) i N10k1k2(k] kz)
kl — k2 kl —k2
k2t 5, kIt
N3 (1) = - V1O (e k1 k]e_ k2k2 ki +k2) 2.1.38)
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V¥ Alle 3 stoffer i spil fra starten

_Differentiallignings-model:

Differentialligninger:

Steen Toft Jergensen

ANT __y1-N1
dt
N2 _1-NI—k2-N2
dt
M =k2-N2
dt
Betingelser:
NI(0)=NI0
N2(0) =N20
N3(0) =N30
;> restart
> dsolve({N1'(t) =-kI-NI1(t), NI(0) =NI0}, N1(¢))
i NI(t)=N10e ™! (2.2.1)
> dsolve({N1'(t) =-kI-NI(t), NI(0) =N10, N2'(¢t) =kI-NI(t) —k2-N2(t), N2(0)
=0}, {NI(2), N2(¢) }) o y
_ -k2t -klt
NI =N10 &M N2() = - LK +k2)N10§de _ kie™™'NIo 2.22)
i (k1 —k2) kI —k2
> dsolve({N1'(t) =-kI-NI(t), NI(0) =N10, N2'(¢t) =kI-NI(t) —k2-N2(), N2(0)
=N20, N3'(t) =k2-N2(1), N3(0) = N30}, {NI(t), N2(¢), N3(t) })
B _ K21
NI(6) =N10 &M N2 (p) = - LKL+ K2) (NT0 kI +N20£d N20k2) e 2.23)
(kI — k2)
_KeINIO o 1 ( N0 k2
Kkl —k2 k1 — k2
e MkI (N10 kI + N20 kI —N20 k2)
k1 — k2
k21 _
L &N NIOKT +N20 KT =N20K2) K2 | nio 4 noo 4 N30) K — (NI
k1 — k2
+ N20 + N30) k2)}
(> NI = unapply(rhs((2.2.3)[ 1 :NI(1)
i N10 e M1 (2.2.4)
> N2 == unapply(rhs((2.2.3)[21]), t) : N2(t); simplify(N2(t))
(kI +K2) (NIOKI +N20kI —N20k2) ¢ ™' kie™'NIO
(kI —k2)? kI — k2
. k2t -klt
((N10 4+ N20) kI — k2 N20) e kle ™' NIO 2.25)
i k1 — k2
> N3 = unapply(rhs( (223) s N3(t); simplify(N3(t))
1 kit B k] (N]O k1 + N20 kI —N20 k2)
kI — k2 (e N0 k2 kI — k2
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e PU(NIO kI + N20 kI — N20 k2) k2
kI — k2

+ + (N10 + N20 + N30) kI — (N10

+ N20 + N30) k2)
1

kI — k2
+ N30) (kI —k2))

> N10 == 10°% N20 == 5-10"; N30 == 10"
N10 := 100000000000000000000
N20 := 50000000000000000000

(((-N10 —N20) kI +k2N20) e ®" + ™M N1 k2 + (N10 + N20 (2.2.6)

i N30 = 10000000000000000000 (2.2.7)
> k1= 03;k2:=02

kI =03

k2 =02 (2.2.8)

> plot( {NI(t),N2(t), N3(t)},t=0..10,y=0 ..1020, color = [ red, green, blue], labels
=[t,N], gridlines)

1. x 10297

8. x 1071

6. x 10'°-

4. % 10171

2. % 1017

O ' I ' I ' I ' I ' 1
0 2 4 6 8 10

(> k] = 0.3: k2 = 0.4
Kl =023
k2 =04 2.2.9)

> plot( {NI(t),N2(¢t),N3(¢t)},t=0.10,y=0 ..1020, color = [red, green, blue), labels
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=[t,N], gridlines)

Side 14/14
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1. x 10%°

/

8. x 10"

/
/

6. % 1019

4.% 10"

2. X 1019 /

I/




