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Scoring i multiple choice
opgaver

[ Questions are Independent, so:
score(Test) = ? score(Question i)

The score for a single question is S(k.a.c) where:
k is the number of choices

a is the number of X marks written by the student
c € {0.1} denotes whether the correct answer is given

0 ifa=0ork=a
Saxiomtk.a.c) =< log(k/a) ifk>a>0andc =1
-a/(k-a) log(k/a) ifk>a>0andc=0

restart
assume(k .. integer); assume(a . integer); assume(c .. integer)
assume(k > a); assume(c=0orc=1)

=>
=>
=>
| > interface(showassumed =0) :

| Scoren defineres som en stykkevis funktion af 3 variable:

> piecewise(azo ork=a,0,k>aanda > Oandc=1,ln(£),k> aanda > 0 and c=0,
a

()

0 a=0or k=a
ln(k) a<kand 0 <g and c=1
¢ M
aln(k)
—ﬁ a<kand 0 <a and c=0

> S = (k, a,c)—>piecewise(a=0 ork=a,0,k>aanda > Oandc=1,ln(£),k> aanda
a

>0andc=0,- a ln(k)) :
| k—a a
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> S(k,a, 1)
ln(k) a<kand 0 <a
a ()
0 otherwise
[> S(k, a,0)
a ln(i
T4 a<kand 0 <a 3)
0 otherwise
Y Eksempler
(> 5(5,2,1)
5
i ln( : ) 1.1)
> 5(5,4,0)
5
] 4ln( 1 ) (1.2)
| antag c=0:
=) =3 =4 =5
a=(0 0 0 0 0
a=1 > S(2, 1, (> S(3, 1, (> S(4, 1, > 55,1,
0): 0): 0): 0):
evalf | evalf| evalf| evalf|
21(%) 2](%) 2](%) 2](%)
-0.69  (1.3)|| -0.55 a4 ([ -046 (@5 -040 (1.6)
a=2 0 (> 5(3,2, (> S(4,2, (> S(5,2,
0) : 0): 0):
evalf| evalf | evalf |
21(%) 2](%) 2](%)
-0.82 A7 -0.69 (1.8) || -0.62 (1.9)
am 0 > S(4,3, > 5(5,3,
0): 0):
evalf| evalf|
2](%) 21(%)
-0.78  (1.10) [| -0.80 (1.11)
a=4 0 > 5(5, 4,
0):
evalf |
2](%)
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||_ -0.72  (1.12)
| antag c=1:
=2 =3 =4 =5
a= 0 0 0 0
a=1 > S(2, 1, > 5(3, 1, (> 54,1, (> S5, 1,
l): l): l): 1):
evalf| evalf| evalf | evalf |
21(%) 21(%) 21(%) 21(%)
069 (L13)|| L1 @14 14 @15 1.6 (116
a= 0 (> 5(3,2, > S(4,2, > S(5,2,
1): 1): 1):
evalf| evalf | evalf|
21(%) 2](%) 2](%)
041 @17 | 069 (18| 092 (1.19)
a= 0 > S(4,3, (> S(5,3,
1): 1):
evalf | evalf|
2](%) 21(%)
| 026 (120)(] 053 (1.21)
a= 0 > 5(5, 4,
1) :
evalf |
2](%)
0.18 (1.22)

Y Opfyldes alle forudseetninger?

VY The zero axiom

The Zero Axiom

S(k.k,1) =S(k0,0) =0

Checking all answers or no answers gives nothing

> Sk k1)

0 (2.1.1)

> S(k0,0)
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L 0 (2.1.2)
¥ The monotonicity axiom

The Monotonicity Axiom

S(k.a,1) > S(k.a,0)

Correct answers are rated higher than incorrect ones

> S(k,a, 1)
ln(k) a<kand 0 <a
a (2.2.1)
0 otherwise
> S(ka,0)
a ln( % )
- ﬁ a<kand 0 <a (2.2.2)
0 otherwise

_Antag, atk > a:

Dak>a,vi1§ >1,dvs.ln(§) >0.

Dak >a,erk—a > 0, dvs. - er negativ.

a

k—a

Derfor er - a -ln(£)<0.
k—a a

Samlet gelder: —L-ln(k) < ln(k) .
—a a a

Antag, atk=a:
| Kan ikke indtreffe, da S (4, a, 0) ikke giver mening!

V¥ The anti-monotonicity axiom

The Anti-Monotonicity Axiom

S(k.a,c) <S(kb.c), fora=b

Checking more incorrect answers will never increase the score

> is(S(k,a,c) <S(k, b,c)) assuminga > b
true (2.3.1)
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\ 4

\ 4

The invariance axiom

The Invariance Axiom

S(k;.a,.1) + S(k,a,,1) = S(k,k,.0,0,,1)

Combining two questions and answers makes no difference

> S(kl,al,1) +S(k2,a2,1)

ln(k—]) al <kl and 0 < al ln(k—2) a2 <k2 and 0 < a2
al - a2 (2.4.1)
0 otherwise 0 otherwise
(> S(kl-k2,al-a2,1)
ln( kI k2 ) ala2 <kl k2 and 0 < al a2
al a2 2.4.2)

0 otherwise

[ Det far man ikke meget ud af med Maple!

[Antag at 0 < al < kI og0 < a2 < k2 er opfyldt:

ln( LA ) + ln( k2. ) = ln( KL k2. ) = ln( kI k2 ) ifolge logaritme-regnereglerne.
al a? al a2 al-a2

Antag at 0 < al =kl og 0 < a2 < k2 er opfyldt:

k2 \ k2 _ k1-k2 N . ﬂ:
0+1n(a2)—ln(a2) ln(—al-aZ)ldetal 1.

Antag at 0 < al <kl og0 < a2 =k2 er opfyldt:

kl _ kI _ kl-k2 Y . ﬁz
ln(al)—l—O—ln(a]) ln(—al-aZ)ldetaZ 1.

Antag at 0 < al =kl og 0 < a2 =k2 er opfyldt:
0+0=0.

Hvis al =0, sa giver S(k1, al, 1) ingen mening!

| Hvis a2 =0, sa giver S(k2, a2, 1) ingen mening!

The zero-sum axiom
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The Zero-Sum Axiom

(53)stcan) + (< )stka0)

G

The expected score from randomly guessing is zero

> binomial(k—1,a —1)-S(k, a, 1) 4+ binomial(k — 1, a)-S(k, a, 0)
binomial (%, a)

ln(k) a<kand 0 <a
binomial(k—1,a — 1) a (2.5.1)

0 otherwise

1
binomial (4, a)

+ binomial(k — 1, a) T, ¢ <kand 0 <a
0 otherwise
[ Det fir man ikke meget ud af med Maple!
Héndregning:
Antag at 0 < a < k er opfyldt:

(a—l)!-((kk—_ll)—!(a—l))! 'IH(S) * a!-((kk—_ll)—!a)! ( kia )-ln(§)=

(a—(lk)z(lk)!—a)! 'ln(f) * a!-((kk—_al)—!l)! ( kia )m(%) B

(a—l)!~(lc(li:z)1~)(!lc—a—1)! '1“(5) + a-(a—l()k!-_(lga—l)! ( kia )m(%)




Score i multiple choice opgaver Side 7/7 Steen Toft Jergensen

k=1t kY
(a—D)l-(k—a—1)! 1n(a)o 9

Hyvis a =0, s giver formlen ingen mening!

Hyvis a =k, sa er formlen triviel, da S(k, k, 1) =S(k, k,0) =0.
(> S(k k1)
0 (2.5.2)

> S(k k,0)

0 (2.5.3)



